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NASA TT F-10,622 

QUANTUM HYDRODYNAMIC EQUATIONS FOR MULTI-COMPONENT SYSTEMS 

V. A. Krasnikov 

Equations of hydrodynamics are obtained on the basis 
of quantum statistics for multi-component systems in an 
ideal liquid approximation. 

The present article applies the generalization of results obtained in - /63* i 
(Ref. 1) to the quantum case. We also confine ourselves to obtaining equations 
of hydrodynamics in the ideal liquid approximation. This problew was studied 
in (Ref. 2, 3 ,  and 4 )  for one-component systems. 

We shall investigate a system (which interacts by means of central forces) 
of Fermi- and Bose particles, whose Hamiltonian has the following form in the 
representation of secondary quantization 

where the indices i, j = 1, 2, ..., M pertain to different types of particles, 
and the operators $.(t, r) and $f-(t, r') satisfy the commutation conditions 

in the Heisenberg representation 
1 1 

The upper sign corresponds to Fermi particles of one type, and the 
lower sign corresponds to Bose particles and to different (i # j) fermions. 
Summation with respect to spins is trivial and is omitted everywhere. 

In order to obtain the equations of hydrodynamics, we require the 
expressions for the derivatives with respect to time of the mean density 
ni(t, r), the mean flux c(t, r) of the particles and 

per particle E(t, r). These quantities may be determined in the customary 
way : 

of the mean energy 

(3) 
n, ( f ,  r )  - (sit (1 ,  r i  $, (f, r ) ) ,  

* Numbers in the margin indicate pagination in the original foreign text. 
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where the means are taken with a certain unbalanced statistical operator, 
generally speaking. 
everywhere. 

i Summation with respect to spins is trivial and is omitted 

By employing (1) and (2) we may readily obtain the equations of motion 
for operator wave functions: 

Let us now calculate the derivatives with respect to time from ( 3 ) ,  ( 4 ) ,  
and (5). 
way as in (Ref. 4 ) ,  we obtain 

Employing (6) and (7) and performing the transformations in the same 
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GPR ( t ,  r ,  r’ - r )  = 

Before ob ta in ing  t h e  equat ions  of hydrodynamics, l e t  us  examine t h e  
s ta te  of s t a t i s t i c a l  equi l ibr ium i n  t h e  case of U = 0, which i s  cha rac t e r i zed  

’by t h e  customary parameters  -- d e n s i t y  pf 
components n i ( t ,  r ) ,  temperature e ( t ,  r ) ,  v e l o c i t y  of t h e  system as a whole 

V ( t ,  r ) .  

i m i V r  
< ... > ... n 

9, using t h e  mean va lues  < . . . > . . .n ope ra to r  func t ions  $ -f e - 
i n  t h e  case  of  V = 0. W e  o b t a i n  

i 
t h e  number of p a r t i c l e s  of a l l  

-f 
For t h e  s t a t e  of s t a t i s t i c a l  equi l ibr ium,  means of t h e  type  ..., 8, V may be expressed by t ransformat ion  of t h e  i’ ‘ * * ’  . . , 8 i’ 

-f i h 

where 

i s  t h e  mean energy p e r  one p a r t i c l e  f o r  t h e  s ta te  of s t a t i s t i ca l  equ i l ib r ium 
of a l i q u i d  a t  rest. It is  apparent  t h a t  i n  t h i s  case a l l  t h e  d i f f u s i o n  f l u x e s  

I equal 
I” 1 -  - -  j:  - niiiliVa = 0. 

(12) 

L e t  u s  examine a quan t i ty  of t h e  type 

A,,== ( (Wf v, r ) )  (D,$;f v, r ’ ) )  ( W k  (f, r’))  (D444 (t. r ) ) ) ,  

where D r ep resen t  l i n e a r  combinations of cons t an t s  and d i f  f eren- 

t i a t i o n  o p e r a t o r s  w i t h  r e s p e c t  t o  s p a t i a l  v a r i a b l e s .  
V 

Due t o  t h e  s p a t i a l  uniformity of the s ta te  of s t a t i s t i c a l  equi l ibr ium,  
w e  have 

AM = &tr’ - r l . . .  i t l  ,. . , o ,  V I .  

I n  hydrodynamics, t h e  q u a n t i t i e s  

Atk (f, r ,  R )  < (4$11 ( t ,  r ) )  ( Q 4 d  ( t ,  r ’ ) )  (fh+k ( t ,  r ’ ) )  (&1l+ ( t ,  r ) )  (13) 

and t h e  o u t e r  f i e l d  U . ( t ,  r )  change very l i t t l e  i n  t h e  case  of s p a t i a l  and 

t i m e  t r a n s l a t i o n s .  We s h a l l  assume t h a t  q u a n t i t i e s  of t h e  type (13) d i f f e r  
1 
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t o  a s u f f i c i e n t l y  smal l  ex ten t  from t h e  corresponding equi l ibr ium va lues  
r ) ,  ..., U;(t ,  r ) ,  ..., V ( t ,  r ) .  The smaller 

t h e s e  va lues ,  t h e  smaller t h e  

U . ( t ,  r )  and 3(t, r ) ,  where V 
-+ 

1 

V' 

I 

grad ien t s  o f  t h e  q u a n t i t i e s  n i ( t ,  r ) ,  e ( t ,  r ) ,  

and 0 may'be expressed by 

For t h e  formal express ion  of t h e  assumptions which 
i t  i s  advantageous t o  in t roduce  t h e  s m a l l  parameter u .  
t ype  under cons ide ra t ion  and the o u t e r  f i e l d  assume t h e  

have been advanced, 
Then t h e  means of t h e  
fol lowing f o m  - I 6 6  

are determined i n  accordance wi th  
- 5  - 
p 1;s (17) v 1= --, n e  I 1  P o ( .  . . I t i  . . . , 0) + - -- 5. -n j 

P 2 

f The expression.2")  r e p r e s e n t s  a l i n e a r  form wi th  r e spec t  t o  t h e  
% ik 3 g r a d i e n t s  ni(T , 5) '2 (T, 61, V ( T ,  E ) ,  and Ui (T , 6). 

-+ -+ 
Changing from t h e  v a r i a b l e s  t ,  r t o  t h e  v a r i a b l e s  T, 5 i n  (8) , (9) and 

( l o ) ,  w e  o b t a i n  
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L e t  us  i n v e s t i g a t e  t h e  following q u a n t i t i t y  which is  contained in (20) 

a @ i k  
Taking t h e  f a c t  i n t o  account t h a t  t he  r ap id ly  decreas ing  quan t i ty  - i s  

I +  xyJ  s(k&(f, E l  - - )$  ---cE(f, 1 E - p R ,  R) d R .  
i . k  a mk 

aR" 
(T, 5 - PR,  R) wi th  contained i n t h e  in t eg rand ,  and performing expansion of ,-m G k i  

r e s p e c t  t o  pR,  i n  accordance with ( 1 6 ) ,  w e  o b t a i n  

W e  have chaEged t h e  summatio8 ind ices  and have employed t h e  symmetry of t he  
express ion  Ga (T, 5 ,  - R) + G" (T, 5 ,  R). 

i k  i k  

W e  a l s o  o b t a i n  exac t ly  

Then, d i s r ega rd ing  terms of t h e  o rde r  p and h ighe r  i n  (19) and (20), w e  o b t a i n  
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where 
0' 

and 

A l l  the means are taken with respec t  t o  the  s t a t e  of s t a t i s t i ca l  
equ i l ib r ium which i s  determined by t h e  parameters ni(-c , E )  , O(r ,5) and V ( T  ,(). 

i m i V r  L e t  us  s u b s t i t u t e  t he  ope ra to r  wave func t ions  +i + e - . I n  a s t a t e  of 

s ta t i s t ica l  equi l ibr ium of a l i q u i d  a t  r e s t ,  a l l  of t h e  means must b e  in-  
v a r i a n t  w i t h  r e s p e c t  t o  the  t ransformation 3 + - ?! and k + - E (k - wave 
v e c t o r ) .  

h 'i 

I n  ou r  approximation, w e  o b t a i n  t h e  fol lowing f o r  t h e  q u a n t i t i e s  T and 
aB 

where 



and . 

f . k  - -  

Equations (21) and (22) then  assume the form 
. !  

a 

I n  o r d e r  t o  have a comprehensive hydrodynamic d e s c r i p t i o n  of a mul t i -  
component system, we must add t h e  expression f o r  d i f f u s i o n  f l u x e s  t o  t h e  
equat ions  obta ined .  However, it may be r e a d i l y  seen  t h a t  t h e r e  is  no d i f f u s i o n  
i n  t h e  approximation which is assumed here  -- as must be t h e  case. 
a c t u a l i t y ,  w e  have 

In 

7: (t, E) -1 (")L - ;, 9" = 0, 

I, ' L ' L  , 8 ,  V) may be determined according t o  t h e  s t a t e  of l o c a l  (O)?, ( 

( 0 ) w  Q 
***ni** .  i 

s i n c e  

equ i l ib r ium and i n  accordance wi th  (14) J i  E Piv  'L 'L 
a F ( .  . .ni..  . , 0 )  

ai3 
'L 

L e t  u s  in t roduce  entropy f o r  one molecule s = - , where /69 
'L I, 

F(.  . .n . . . , e )  i s  f r e e  energy. In  exac t ly  the  same way as i n  (Ref. 1) , 
equat ion  (29) may be transformed t o  the  following form 

i' 

Returning t o  the  v a r i a b l e s  t ,  r i n  equat ions (18) , (28) , (30) , w e  o b t a i n  
the  w e l l  known system of hydrodynamic equat ions f o r  a n  i d e a l  l i q u i d .  

Cons idera t ion  of terms of t h e  o rde r  p i n  (23)  and ( 2 4 )  l e a d s  t o  equat ions  
of hydrodynamics wi th  allowance f o r  v i s c o s i t y ,  thermal conduc t iv i ty ,  and 
d i f f u s i o n .  This case w i l l  be  inves t iga t ed  i n  a subsequent a r t ic le .  

The au tho r  would l i k e  t o  express  h i s  apprec i a t ion  t o  academician 
N.  N .  Bogolyubov f o r  h i s  cons tan t  a t t e n t i o n  t o  t h i s  s tudy ,  and a l s o  t o  
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I. A. Kvasnikov and V. D. Kukin for valuable discussions. 
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